404

N, V, Khar'kova

BIBLIOGRAPHY

Vishik, M, I, and Liusternik, L, A,, Regular degeneration and boundary
layer for linear differential equations with a small parameter, Usp, Matem,
Nauk, Vol,12, N5, 1957,

Gol'denveizer, A, L,, Theory of Elastic Thin Shells, Moscow, Gostekhizdat,
1953,

Tovstik, P, E,, Integrals of the equations of axisymmetric vibrations of a shell
of revolution, Collection of works "Investigations on Elasticity and Plasticity",
N4, Leningrad-Univ, Press, 1965,

Alumiae, N, A, , On the fundamental system of integrals of the equation of
small axisymmetric steady-state vibrations of an elastic conical shell of revolu-~
tion, Izv, Akad, Nauk ESSR, Vol, 9, N1, 1960,

Lidskii, V, B, and Khar'kova, N, V,, Spectrum of a system of membrane
equations in the case of axisymmetric vibrations of a shell of revolution, Dokl,
Akad, Nauk SSSR, Vol,194, N4, 1970,

Tovstik, P, E,, Free vibrations of a thin spherical dome, Izv, Akad, Nauk SSSR,
Mekhanika, N6, 1965,

Luzhin, O, V., On the determination of the vibrations frequencies of a mem-
brane spherical dome, Collection of works "Investigations on the Theory of
Structures”, N!10, Moscow, Gostekhizdat, 1961,

Kamke, E., Handbook on Ordinary Differential Equations, 2nd ed,, Moscow,
Fizmatgiz, 1961,

Translated by M, D, F,

ELECTROMECHANICAL VIBRATIONS OF CENTROSYMMETRIC

CUBIC CRYSTAL PLATES

PMM Vol, 35, N3, 1971, pp, 446-450
R, D, MINDLIN
{Columbia University, New York, U,S, A,)
(This paper was copied from the original
manuscript kindly supplied by the Author)

Introduction, According to the classical theory of piezoelectricity, there
can be no piezoelectric effect in centrosymmetric crystals, Consequently the
theory has it that vibrations of a centrosymmetric crystal plate cannot be excited,
for example, by applying an alternating voltage drop between electrodes on the
opposing faces of the plate, This conclusion is a direct result. of the assumption,
in the theory, that the stored energy of deformation and polarization is a function
of the strain and polarization only [1], Hence the only possible electromechani-
cal interaction energy is the product of a second rank tensor (strain) and a first
rank tensor (polarization) — with a third rank material coefficient (a piezoelec-
tric constant), Since there are no third rank centrosymmetric tensors, there is no
piezoelectric effect in centrosymmetric materials,

There is reason to believe, however, that the stored energy of deformation and
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polarization should depend not only on the strain and polarization, but also on the
polarization gradient, The augmented theory [2] based on such an assumption can
find justification on the grounds that: (1) it accommodates the mathematical
representation of a surface energy of deformation and polarization {2} which is
absent from the classical theory but which has been measured in the laboratory
and calculated from atomic considerations; (2) it can account [3] for an apparent
anomaly observed in measurements of the electrical capacitance of thin, dielec~
tric films; (3) the resulting equations, rather than the classical ones, are the cor-~
rect, low frequency limit {3, 5] of the modern dynamical theory of crystal lattices
of electronically polarizable atoms,

If the polarization gradient is admitted as a variable in the stored energy func-
tion, an additional interaction energy, between the two second rank tensors of
strain and polarization gradient, is possible, Since the accompanying material
coefficient is fourth rank, it represents a possible electromechanical effect in
centrosymmetric materials,

In the following paragraphs, it is shown that, at least in principle, it is possible
to excite thickness vibrations in a centrosymmetric cubic crystal plate by apply-
ing an alternating voltage drop between electrodes on a pair of (100) faces of the
plate, Approximate mode shapes and frequencies are calculated for the case of
sodium chloride; for which it is found,also, that the electromechanical coupling
coefficient can be as large as one four~hundredth of that of an X-cut quartz plate,

1, Field equations and boundary conditions, The linear equations of
an elastic dielectric continuum, including the contribution of the polarization gradient
to the stored energy, have been derived elsewhere [2] by means of a simple extension
of Toupin's [1] variational principle for the classical equations of piezoelectricity, For
the present case, we consider a plate of cubic crystal class m3m (O,) [4] bounded by a
pair of (100) faces, at z = -~ A on which are deposited electrode tilms to which are
applied voltages =+ Veit, If end effects are neglected, the mechanical and electrical
fields are one-dimensional and are governed by the equations {2]

cn0u -+ dy0°P = — po?u, d;0%u + b #*P — ay P — 39 =0 .
8,02 — 9P = 0 @

where (9 =d /dz), u and P are the z-components of the mechanical displacement
and electronic polarization, respectively, and @ is the potential of the Maxwell, electric
self-field, Also, p is the mass density, c,, is an elastic stiffness, €, is the permittivity
of a vacuum and €,8;, is the reciprocal dielectric susceptibility, The remaining two
constants, by,and d,,, are associated with terms, in the energy density, involving polari-
zation gradient: 1/,b,, is the coefficient of a quadratic term and d,, is the coefficient
of a product of polarization gradient and strain: §Pdu. Thus, d,,is the additional elec-
tromechanical constant without which, as may be seen from (1), the mechanical and
electrical fields would not be coupled,

As for the boundary conditions, we suppose that the mass and stiffnes of the electrodes

are negligible, in comparison with those of the plate, so that the tractions across ¥ =
= - hare zero,

This condition, as shown previously [2], is
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(enfu + d0P)geyn = 0 (22)
Also, as shown previously {3], we may set
(P)emth=—HkViayh  O<E<Y) (2b)

with zero the most likely value of % : corresponding to continuity of polarization across
the crystal-electrode interfaces, Finally, the applied voltage is taken as
((P)z=ih =4V (2¢)
It may be noted that independent specification of boundary values of polarization and
potential is permissible in the augmented theory, but not in the classical theory,
2, Solution, In view of the boundary conditions (2), a solution of (1), with appro-
priate symmetry and form, is
u=Acosfr, P =DB,+ Bcoslz, ¢ = Coz-+ Csintz (3)
Upon substituting (3) in (1), we find

B, = — a,;7'C,, B =gt C (4)
A - eoduk, 3 — _ 14 ean o eobuf? (5
c g —po? dué

The second of (5) is a quadratic in E2; )

(byenn — needt — [epdyp0? — (1 + eoayy)e; 182 — (1 + 8y;) pw? = 0
Now, positive~definiteness of the energy density requires

byen — du* > 0, ay; >0 (M
Hence, one of the roots &2, of (6), is positive real and the other is negative real; so that
one § is real and the other is imaginary, Accordingly, from (4) to (7), we may rewrite

the solution (3) as
u = a,C; cos &z + a,Cp ch Eox

P o= — au“ICo + eoglcl Cco8 §1x + 80%202 Chgzx (8)
(P == Cox + Cl Sin §1$ + Czsh §2x

where i
eodng,® _ 14 ean—(— 1) 'cobniE 2

P + (— 1)pw? (— ¥ dut,, )

Oy == —

Upon substituting (8) in the boundary conditions (2), we find

(e + €0d3,E)EC sin §ih — (c130p + €0d118e)EeCash E b =0 (10
—Cy + €481,8,C, cos Eh + €02y EsCach Eo h = EkV /A
Coh + CysinEh + Cysh Eh =V
It may be seen, from (10), that the applied voltage V forces both the mechanical and

electrical fields,
Resonance occurs when the determinant of the coefficients of C,, €, and (, in (10),

vanishes ; or, when 1+ gaenbah ctgBih 1 -4 po¥/enks?®
1+ goanbzacth B2h 1 — pw¥fenid (11
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in which (9) has been employed,

8. Application of sodium chloride. For sodium chloride, the following
are values of the material constants appearing in the solution:

& len™ = 4,6 [1, pp. 68, 69],
by = 6, 88x10°% dyn-cm* /coul* [5],
€11 = 4, 83x10"dyn/cm? [6, p.39],
dyy = 4,67x107 dyn-cm/coul [5),
g~} =36x10° dyn-cm?/coul?*[4, p.68],
P =2,214 gm/cm® [6. pp. 39, 88].

Wwith these numerical values of the constants, simple approximate expressions for the
resonance frequencies and mode shapes can be found,
At low frequencies, we find, from (6),

. - bu—du’/cn s _
}.1310 g1 =[m] ~1.3x1078 cm, (12)

Considering plate thicknesses of the order of millimeters, (12) indicates an extremely
rapid decay, away from the surfaces of the plate, of the exponential parts of the fields,
leaVIng u= a1C1 cos §‘z, P~ —all—ICQ + Eo§1C1 cos Elz

13
¢ = Cox + C, sin §;z (13)

over most of the thickness of the plate, In fact, the decay modulus (12) is less than one-

half th arest neighbor distance,
a e ne neighbor distan o = 2.83-10 cm,

of the sodium chloride lattice, Also, with (12), the roots of (11) are very nearly roots of

sin §h =0, k0, (14)
or
h=na, n=1{, 2 3,.. (15)
Finally, rewriting (6) in the form
( pw? ) 1+ eoan +ebuf?  edu® (16)
T enk?® Es e
and noting that eyt
2 410 17em? (17
e
we see that the frequencies given by (16) are approximately
0 = & (eu/ 0" @9
Hence, from (15), venlP
_rnfeulh
=7\ (19)
or
©® 47
f=37= 'gh—"l X 108 cyc/sec , (20)

where 2h is the thickness of the plate in millimeters. Thus, for a plate one millimeter
thick, the lowest resonance (r = 1) has a frequency of about 4,7 megacycles per second,
It may be noted that this mode has two nodess the central half of the thickness of the
plate and the outer quarters move in opposite directions, This is the mode most likely
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to be detected ; but the response is very sharp in comparison with that of a piezoelectric
crystal such as quartz, as may be seen from a calculation of an electromechanical coup-
ling coefficient,

An electromechanical coupling coefficient may be defined as the square root of the
ratio of the strain energy to the total energy — both at zero frequency,

At © = 0, the solution (8) reduces to [3]

Uy == B]_ ch 521, Po = Az + Bg ch gzl, Py — Agz + B, sh §2I (21)
where §, is given by (12) and
Ay = A3/ a8y, B,=gfBy=—cnBi/dy, A3= BgeganEachEsh

22)
Ba= (1 — k) V (shigh + eqanbsh ch &) (
The strain energy per unit area is
h
e 80%62%dn® (1 — k)® V2 (sh 282k — 283h)
W, =73 S (Ouo)* dz =~ R Esh + eoantah oh Eah): (23)
The total energy per unit area is V times the surface charge:
€8s (1 -+ eoa11) (1 — k) V2 ch Eak kV? (1 4 eoan) .
W =V (e09% — Po)ecun = " SR Esh T eoaritah ch &b T han (24)

Taking into account the fact that g,h is very large, the electromechanical coupling coef-
ficient, for the case k = 0, is

W _ A\ 2
( VVS ) z( 5 5 zfdnz = p—— h) ~ 241074
eoan® cu1 (1 + & lan™?) (25)

(for h =1 mm)

This is to be compared with 9,5 x 107 for an X-cut quartz plate [7]. Thus, for k=0,
the coefficient for the sodium chloride plate is one four-hundredth that for the quartz
plate, resulting in a resonance band width tobe much narrower [7], It is interesting to
note that the coupling coefficient (25) is inversely proportional to the square root of the
thickness of the plate, whereas the coefficient in the piezoelectric case is independent

of the thickness,
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